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We extend the C P T theorem to quantum ﬁeld theories with non-Hermitian Hamiltonians and unstable 
states. Our derivation is a quite minimal one as it requires only the time-independent evolution of 
scalar products, invariance under complex Lorentz transformations, and a non-standard but nonetheless 
perfectly legitimate interpretation of charge conjugation as an antilinear operator. The ﬁrst of these 
requirements does not force the Hamiltonian to be Hermitian. Rather, it forces its eigenvalues to either 
be real or to appear in complex conjugate pairs, forces the eigenvectors of such conjugate pairs to be 
conjugates of each other, and forces the Hamiltonian to admit of an antilinear symmetry. The latter two 
requirements then force this antilinear symmetry to be C P T , while forcing the Hamiltonian to be real 
rather than Hermitian. Our work justiﬁes the use of the C P T theorem in establishing the equality of the 
lifetimes of unstable particles that are charge conjugates of each other. We show that the Euclidean time 
path integrals of a C P T -symmetric theory must always be real. In the quantum-mechanical limit the 
key results of the P T symmetry program of Bender and collaborators are recovered, with the C-operator 
of the P T symmetry program being identiﬁed with the linear component of the charge conjugation 
operator.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
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Hermiticity of a Hamiltonian has been a cornerstone of quan-
tum mechanics ever since its inception. Once a Hamiltonian is Her-
mitian it follows that all of its energy eigenvalues are real and that 
time evolution is unitary. Moreover, with some standard additional 
ﬁeld-theoretic assumptions one can show that in a quantum ﬁeld 
theory a Hermitian Hamiltonian is always C P T invariant. Despite 
this, and due primarily to the work of Bender and collaborators [1,
2] on non-Hermitian but P T symmetric Hamiltonians (P is parity, 
T is time reversal), it has become apparent that it is possible to 
achieve both real eigenvalues and the time-independent evolution 
of Hilbert space scalar products even if a Hamiltonian is not Her-
mitian, provided that it instead has an antilinear symmetry such 
as P T . Consequently, while Hermiticity is suﬃcient to secure the 
reality of eigenvalues and the time-independent evolution of scalar 
products it is not necessary. In this paper we show that a similar 
situation holds for the C P T theorem, with it being possible to es-
tablish invariance of a Hamiltonian under an antilinear C P T trans-
formation even if the Hamiltonian is not Hermitian. While C P T
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SCOAP3.symmetry is more general than P T symmetry, whenever charge 
conjugation C is separately conserved, for non-Hermitian Hamil-
tonians with an underlying C P T symmetry one is able to recover 
the key results of the P T symmetry program.
The relation between eigenvalues and antilinear symmetry 
dates back to Wigner’s work on time reversal. Speciﬁcally, if we 
apply some general antilinear operator A to H |ψ〉 = E|ψ〉, we ob-
tain AH A−1A|ψ〉 = E∗A|ψ〉. Then, if A commutes with H we infer 
that either E is real and |ψ〉 = A|ψ〉, or that E is complex and the 
eigenvectors associated with E and E∗ transform into each other 
under A. Thus with an antilinear symmetry energies are either 
real or appear in complex conjugate pairs, and since nothing in 
this analysis requires that H be Hermitian, the eigenvalues could 
all be real even if H is not in fact Hermitian. As a case in point 
consider the H = p2 + ix3 Hamiltonian studied in [1]. While not 
Hermitian, this Hamiltonian does have a P T symmetry (under PT 
p → p, x → −x, i → −i), and it turns out (see e.g. [2]) that every 
one of its eigenvalues is real.
Antilinear symmetry of a Hamiltonian is more far-reaching than 
Hermiticity (though of course Hamiltonians can be both Hermi-
tian and have an antilinear symmetry, as many do), and as such it 
provides options for quantum theory that are not allowed by Her-
miticity, with antilinearity being able to encompass both decays under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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of relevance to fourth-order derivative theories [3]. For decays, the 
utility in having a complex conjugate pair of energy eigenvalues is 
that when a state |A〉 (the state whose energy has a negative imag-
inary part) decays into some other state |B〉 (the one whose energy 
has a positive imaginary part), as the population of state |A〉 de-
creases that of |B〉 increases in proportion. This interplay between 
the two states is found [4] to lead to the time-independent evo-
lution of scalar products associated with the overlap of the two 
states. In contrast, in theories based on Hermitian Hamiltonians, 
to describe a decay one by hand adds a non-Hermitian term to 
the Hamiltonian, and again by hand chooses its sign so that only 
the decaying mode appears. One also does this for the decays of 
particles that are charge conjugates of each other, and then uses 
the C P T theorem to show that their decay rates are equal even 
though the standard proof of the C P T theorem presupposes that 
the Hamiltonian is Hermitian, in which case neither of the par-
ticles would decay at all [5]. In this paper we will address this 
issue by deriving the C P T theorem without assuming Hermiticity. 
(Some alternate discussion of the C P T theorem in the presence of 
unstable states may be found in [6].)
2. Antilinear symmetry and time evolution
In the standard discussion of the time evolution generated by 
a time-independent Hamiltonian, one introduces states |Ri(t)〉 that 
evolve according to |Ri(t)〉 = exp(−iHt)|R(t = 0)〉, with the stan-
dard Dirac scalar product 〈Ri(t)|R j(t)〉 = 〈Ri(t = 0)| exp(iH†t)×
exp(−iHt)|R j(t = 0)〉 then being time independent if H is Hermi-
tian. While one can immediately conclude that the standard Dirac 
norm would not be time independent if H = H†, that does not 
preclude the existence of some other scalar product that would 
be time independent. In the more general case we note that the 
eigenvector equation i∂t |R(t)〉 = H |R(t)〉 only involves the kets 
and serves to identify right-eigenvectors. Since the bra states are 
not speciﬁed by an equation that only involves the kets, there 
is some freedom in choosing them. As discussed for instance 
in [4], in general one should introduce left-eigenvectors of the 
Hamiltonian according to −i∂t〈L| = 〈L|H , and use the more gen-
eral norm 〈L|R〉, since for it one does have 〈L(t)|R(t)〉 = 〈L(t =
0)| exp(iHt) exp(−iHt)|R(t = 0)〉 = 〈L(t = 0)|R(t = 0)〉, so that this 
particular norm is preserved in time. While this norm coincides 
with the Dirac norm 〈R|R〉 when H is Hermitian, when H is not 
Hermitian one should use the 〈L|R〉 norm instead.
If |Ri(t)〉 is a right-eigenvector of H with some general energy 
eigenvalue Ei = ERi + iE Ii , and 〈L j(t)| is a left-eigenvector of H with 
energy eigenvalue E j = ERj + iE Ij , then in general we can write
〈L j(t)|Ri(t)〉 = 〈L j(0)|Ri(0)〉e−i(E
R
i +iE Ii )t+i(ERj −iE Ij)t . (1)
If these norms are to be time independent, the only allowed non-
zero norms are those that obey
ERi = ERj , E Ii = −E Ij, (2)
with every other norm having to obey 〈L j(0)|Ri(0)〉 = 0. Thus 
we see that the only non-zero overlaps are precisely those as-
sociated with eigenvalues that are purely real or are in complex 
conjugate pairs, with this being the most general condition un-
der which scalar products can be time independent. And with 
〈ERi − iE Ii |ERi + iE Ii 〉 = exp(iE Ri t − E Ii t) exp(−iE Ri t + E Ii t) being time 
independent, in the complex energy sector the only non-zero over-
laps are precisely between a state that decays in time and one that 
grows in time at the complementary rate. As we had noted above, 
this is just as needed to maintain the time independence of the 
transition between them.While we had noted above that if one has an antilinear sym-
metry one can establish the energy relationship given in (2), for 
our purposes here we need to show that if one is given (2), i.e. if 
one is given time-independent evolution of scalar products, then 
H must admit of an antilinear symmetry. To this end we consider 
the eigenequation
i
∂
∂t
|ψ(t)〉 = H|ψ(t)〉 = E|ψ(t)〉. (3)
On replacing the parameter t by −t and then multiplying by a 
general antilinear operator A we obtain
i
∂
∂t
A|ψ(−t)〉 = AH A−1A|ψ(−t)〉 = E∗A|ψ(−t)〉. (4)
Then, because we are explicitly interested in the case where E∗ is 
an eigenvalue of H we can set H A|ψ(−t)〉 = E∗A|ψ(−t)〉, and thus 
obtain
(AH A−1 − H)A|ψ(−t)〉 = 0. (5)
Now (5) has to hold for every eigenstate of H , and if the set of all 
such eigenstates is complete, we can set [H, A] = 0 as an operator 
identity. We thus conclude that if all left-right scalar products are 
time independent, then H must possess an antilinear symmetry. To 
determine what that antilinear symmetry might be, with H being 
a generator of the Poincaré group, we turn now to the implications 
of the complex Lorentz group.
3. The complex Lorentz group
When Lorentz transformations were ﬁrst introduced into phys-
ics, they were taken to be real since one only considered trans-
formations on real (x, y, z, t) coordinates of the form x′μ = μνxν
with real μν (i.e. observer moving with a real velocity), so that 
the transformed coordinates would be real also. Nonetheless, if we 
were to take the velocity and μν(v) to be complex the ﬂat space 
line element ημνxμxν would still be invariant.
Moreover, as well as the line element, similar remarks ap-
ply to the action I = ∫ d4xL(x). With L(x) being a Lorentz scalar, 
this action is invariant under real Lorentz transformations of the 
form exp(iwμνMμν) where the six wμν = −wνμ are real param-
eters and the six Mμν = −Mνμ are the generators of the Lorentz 
group. Speciﬁcally, with Mμν acting on the Lorentz scalar L(x) as 
xμpν − xν pμ , under an inﬁnitesimal Lorentz transformation the 
change in the action is given by δ I = 2wμν ∫ d4xxμ∂ν L(x), and thus 
by δ I = 2wμν ∫ d4x∂ν [xμL(x)]. Since the change in the action is a 
total divergence, the familiar invariance of the action under real 
Lorentz transformations is secured. However, we now note that
nothing in this argument depended on wμν being real, with the 
change in the action still being a total divergence even if wμν is 
complex. The action I = ∫ d4xL(x) is thus actually invariant under 
complex Lorentz transformations as well and not just under real 
ones, with complex Lorentz invariance thus being a natural sym-
metry in physics.
Further justiﬁcation for the relevance of the complex Lorentz 
group is provided by spinors, since they are contained not in 
SO(3, 1) itself but in its unitary and thus complex covering group. 
For spinor ﬁelds we can consider a “line element” ψTrCψ (see 
e.g. [7]) in Grassmann space where Tr denotes transpose in the 
Dirac gamma matrix space and C is the Dirac gamma matrix 
that effects C−1γ μC = −γ μTr . With a Dirac spinor transforming as 
ψ → exp(iwμνMμν)ψ , we see that since ψTrCψ does not involve 
Hermitian conjugation, it is invariant not just under real but also 
complex wμν . Now as it stands the scalar quantity ψ¯ψ = ψ†γ 0ψ
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der complex ones. However, as will be central to our discussion 
below of charge conjugation, we note that since a Dirac spinor 
is reducible under the Lorentz group we can decompose it as 
ψ = ψA + iψB, where ψA and ψB are self-conjugate Majorana 
spinors that in the Majorana representation of the Dirac gamma 
matrices (see e.g. [8]) obey ψ†A = ψA and ψ†B = ψB. With this de-
composition we understand a complex Lorentz transformation to 
be implemented on the separate ψA and ψB, with ψ¯ψ then being 
invariant under complex Lorentz transformations too. Thus in the 
following we shall consider the implications of complex Lorentz 
invariance.
Complex Lorentz invariance is of signiﬁcance to both P T and 
C P T transformations, and both will be needed for the C P T the-
orem, since under C P T the argument of a ﬁeld changes from xμ
to −xμ , just as required by the P T part of the C P T transforma-
tion. For P T transformations ﬁrst, we note that on applying the 
speciﬁc sequence of Lorentz boosts: ﬁrst x′ = x cosh ξ + t sinh ξ , 
t′ = t cosh ξ + x sinh ξ , then y′ = y cosh ξ + t sinh ξ , t′ = t cosh ξ +
y sinh ξ , and ﬁnally z′ = z cosh ξ + t sinh ξ , t′ = t cosh ξ + z sinh ξ , 
each with a complex boost angle ξ = iπ , we generate (x, y, z, t) →
(−x, −y, −z, −t). On deﬁning πτ = 03(iπ)02(iπ)01(iπ), πτ
effects πτ : xμ → −xμ . However, though this transformation does 
indeed reverse the signs of all four of the coordinates just as a 
P T transformation does, πτ itself is not the P T transformation of 
interest to physics since time reversal has to be an antilinear oper-
ator rather than a linear one. Nonetheless, we can always represent 
an antilinear operator as a linear operator times complex conju-
gation. On introducing an operator KT that conjugates complex 
numbers, up to intrinsic system-dependent phases we can then set 
P T = πτ KT , i.e. we can represent P T as a complex Lorentz boost 
times complex conjugation, to thus give a P T transformation an 
association with the complex Lorentz group [9].
With C , P , and T respectively acting on spinors as 1, γ 0, and 
γ 1γ 2γ 3 in the Majorana basis of the Dirac gamma matrices, for 
spinors C P T effects C P Tψ(x)[C P T ]−1 = −iγ 5ψ†(−x). Then with 
M0i = i[γ 0, γ i]/4, 0i(iπ) = exp(−iπγ 0γ i/2) = −iγ 0γ i , quite re-
markably we ﬁnd that in the Dirac gamma matrix space we rec-
ognize the previously introduced complex Lorentz transformation 
03(iπ)
0
2(iπ)
0
1(iπ) = iγ 0γ 1γ 2γ 3 = γ 5 as being none other 
than the linear part of a C P T transformation in spinor space, with 
C P T thus having a natural connection to the complex Lorentz 
group.
As well as identify the linear part of a C P T transformation we 
also need to consider its conjugation aspects, and initially it would 
appear that C would differ from T since T involves complex conju-
gation of complex numbers while C involves charge conjugation of 
quantum ﬁelds. However, the two types of conjugation can actually 
be related, since charge conjugation converts a ﬁeld into its Hermi-
tian conjugate, and Hermitian conjugation does conjugate factors 
of i. If for instance we consider a charged scalar ﬁeld φ(x), then 
under C it transforms as φ(x) → Cφ(x)C−1 = φ†(x). However, sup-
pose we break φ(x) into two Hermitian components according to 
φ(x) = φ1(x) + iφ2(x). Now since C effects φ(x) → φ†(x), we can 
achieve this in two distinct ways. We can have C act linearly on 
φ1(x) and φ2(x) according to φ1(x) → φ1(x), φ2(x) → −φ2(x) while 
having no effect on the factor of i, or we can have C act antilin-
early on i according to i → CiC−1 = −i while having no effect on 
the Hermitian φ1(x) and φ2(x). For our purposes here the latter in-
terpretation is not only the more useful as it helps us keep track of 
factors of i in quantities such as φ±(x) = φ1(x) ± iφ2(x), as we will 
see below, it will prove crucial to our derivation of the C P T the-
orem. Moreover, we note that with an antilinear interpretation for 
C we do not even need φ1(x) and φ2(x) to actually be Hermitian ﬁelds at all. They could instead, for instance, be deﬁned as being 
self-conjugate under C or self-conjugate under C P T .
In addition to the complex conjugation effected by KC , C could 
also effect a linear transformation κ as well, and so we can write 
C P T as κπτ K , where K = KC KT complex conjugates everything 
it acts on, c-numbers and q-numbers alike [10]. With this analy-
sis also holding for Majorana spinors (cf. ψ = ψA + iψB), and with 
Majorana spinors being able to serve as the fundamental represen-
tation of the Lorentz group (a Majorana spinor can be written as a 
Weyl spinor plus its charge conjugate [8]), we can represent C P T
as the generic κπτ K when acting on any representation of the 
Lorentz group.
While C as deﬁned here effects Cφ±(x)C−1 = φ∓(x), C does 
not complex conjugate the individual φi(x) themselves. However, 
T still can, and in fact must, since the [x, p] = i commutator for 
instance is preserved under T according to x → x, p → −p, i → −i. 
To see how T explicitly achieves this, we set x = (a +a†)/21/2, p =
i(a† −a)/21/2, [a, a†] = 1. Thus we need T to effect a → a, a† → a†, 
i → −i, and this is achieved by the antilinear KT . In the Fock space 
labelled by |〉, a†|〉, . . . , where a|〉 = 0, a and a† can both be 
represented by inﬁnite-dimensional matrices that are purely real. 
With x being real and symmetric and p being pure imaginary and 
anti-symmetric in this Fock space, in this Fock space only the i
in the operator p is affected by T . With the same analysis also 
holding for commutators of the generic form [φ(x¯, t = 0), π(x¯′, t =
0)] = iδ3(x¯ − x¯′), we see that due to our treating C as antilinear, 
for every function F that is built out of canonical quantum ﬁelds, 
it follows that K F K−1 = F ∗ (i.e. KC KT conjugates all factors of i). 
It is this speciﬁc feature that will enable us to derive the C P T
theorem.
4. Derivation of the C P T theorem
As noted for instance in [11], under C P T every irreducible rep-
resentation of the Lorentz group transforms as C P Tφ(x)[C P T ]−1 =
η(φ)φ†(−x) with a φ-dependent phase η(φ) that depends on the 
spin of each φ and obeys η2(φ) = 1; with spin zero ﬁelds (both 
scalar and pseudoscalar) expressly having η(φ) = 1 [12]. Since the 
most general Lorentz invariant Lagrangian must be built out of 
sums of appropriately contracted spin zero products of ﬁelds with 
arbitrary numerical coeﬃcients, and since it is only spin zero ﬁelds 
that can multiply any given net spin zero product an arbitrary 
number of times and still yield net spin zero, all net spin zero 
products of ﬁelds must have a net η(φ) equal to one [13]. Gener-
ically, such products could involve φφ or φ†φ type contractions. 
However, requiring the Lagrangian and thus the Hamiltonian to be 
Hermitian then forces the contractions to be Hermitian (only φ†φ) 
while forcing the coeﬃcients to all be real, with the Hamiltonian 
then being C P T invariant [11].
In order to extend the C P T theorem to non-Hermitian Hamil-
tonians, we note ﬁrst that even in the non-Hermitian case Lorentz 
invariance still requires every term in the Lagrangian to have a 
net η(φ) equal to one. With C P T effecting C P Tφ±(x)[C P T ]−1 =
η(φ)φ∓(−x) we will need some non-Hermitian-based reason in or-
der to be able to exclude any φ±(x)φ±(x) type contractions. To this 
end we note that with the linear part of a C P T transformation 
having been identiﬁed as the particular complex Lorentz transfor-
mation 03(iπ)
0
2(iπ)
0
1(iπ), under this transformation every 
net spin zero term in a Lorentz invariant action I = ∫ d4xL(x) will 
transform so that I → ∫ d4xL(−x) = ∫ d4xL(x) = I , with the action 
thus being left invariant. Then, under the full C P T transformation, 
and precisely because of our having taken C to be antilinear, ev-
ery term in the action will transform so that I → ∫ d4xKL(x)K−1. 
Thus under a C P T transformation, the full Hamiltonian will trans-
form as H → K HK−1. Since at this point we have now arrived 
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ment of time-independent evolution of scalar products given in 
(5) then follows, with H obeying H = K HK−1. The C P T invari-
ance of H is thus secured, with there thus being only φ±(x)φ∓(x)
type terms and no φ±(x)φ±(x) type ones allowed in H and with all 
coeﬃcients again being real [14]. With our deﬁnition of K we see 
that H obeys H = H∗ , while not being required to obey H = H†. 
The C P T theorem is thus extended to non-Hermitian Hamiltonians 
that generate time-independent evolution of scalar products [15].
5. Implications
When a time-independent Hamiltonian is real (as would be the 
case if H = K HK−1 = H∗), for Euclidean times τ = it the time 
evolution operator exp(−iHt) = exp(−Hτ ) is real. Consequently, 
the associated Euclidean time path integrals and Green’s functions 
are real too. Even though the Euclidean time path integral is real 
that does not mean that all energy eigenvalues are necessarily real, 
since if they appear in complex conjugate pairs and have com-
plex conjugate wave functions, the Euclidean time path integral 
would still be real. In fact this is the most general way in which 
the Euclidean path integral could be real if the Hamiltonian is not 
Hermitian, and is just as required of antilinear C P T symmetry.
We had earlier referred to the P T symmetric H = p2 + ix3. 
Since it is the quantum-mechanical limit of a relativistic theory 
with appropriate Hamiltonian density H = 2 + i3, it is C P T
invariant. With  being uncharged, this H is separately κKC in-
variant, and thus it is indeed P T symmetric. Now we can realize 
the [x, p] = i commutator by x = i(b − b†)/21/2, p = (b† + b)/21/2
where [b, b†] = 1. (This realization is unitarily equivalent to x =
(a +a†)/21/2, p = i(a†−a)/21/2.) In the Fock space where b|〉 = 0, 
x is pure imaginary and antisymmetric, p is real and symmetric, 
and thus even though H is not Hermitian, in this particular oc-
cupation number space H = p2 + ix3 can be represented by an 
inﬁnite-dimensional matrix all of whose elements are real. Hence, 
despite its appearance H = p2 + ix3 obeys H = H∗ [16].
As an example of a Hamiltonian that is C P T invariant while 
having complex conjugate energy pairs, consider the fourth-order 
Pais–Uhlenbeck two-oscillator (pz, z and px, x) model studied 
in [3,17]. Its Hamiltonian is given by HPU = p2x/2γ + pzx +
γ
(
ω21 + ω22
)
x2/2 − γω21ω22z2/2 where initially ω1 and ω2 are 
real (this Hamiltonian is the quantum-mechanical limit of a co-
variant fourth-order neutral scalar ﬁeld theory [3]). HPU turns 
out not to be Hermitian but to instead be P T symmetric [3,17], 
with all energy eigenvalues nonetheless being given by the real 
E(n1, n2) = (n1 + 1/2)ω1 + (n2 + 1/2)ω2. In addition, HPU is C P T
symmetric since C plays no role ([κKC , HPU ] = 0), while thus 
descending from a neutral scalar ﬁeld theory that is also C P T
invariant. If we now set ω1 = α + iβ , ω2 = α − iβ with real α
and β , we see that (ω21 +ω22)/2 = α2 −β2 and ω21ω22 = (α2 +β2)2
both remain real. In consequence HPU remains C P T invariant, 
but now the energies come in complex conjugate pairs as per 
E(n1, n2) = (n1 + 1/2)(α + iβ) + (n2 + 1/2)(α − iβ). It is also of 
interest to note that when ω1 = ω2 = α with α real, the Hamilto-
nian becomes of non-diagonalizable, and thus of manifestly non-
Hermitian, Jordan-block form [3], with its C P T symmetry not be-
ing impaired. Thus for ω1 and ω2 both real and unequal, both real 
and equal, or being complex conjugates of each other, in all cases 
one has a non-Hermitian but C P T -invariant Hamiltonian that de-
scends from a quantum ﬁeld theory whose Hamiltonian while not 
Hermitian is nonetheless C P T symmetric.
The P T studies of Bender and collaborators are mainly quan-
tum-mechanical ones in which the ﬁeld-theoretic charge conjuga-
tion operator plays no role. In these studies it has been found [2]
that as well as be P T symmetric, the Hamiltonian is also symmet-ric under a speciﬁc discrete linear operator also called C , which 
obeys [C, H] = 0 and C2 = 1. In addition, this C obeys [C, P T ] = 0
when all energies are real, and obeys [C, P T ] = 0 when ener-
gies are in complex pairs [18]. The C P T symmetry of any given 
relativistic theory ensures the P T symmetry of any C-invariant 
quantum-mechanical theory that descends from it, while guaran-
teeing that it must possess a linear operator, viz. our previously 
introduced κ , that obeys [κ, H] = 0 and κ2 = 1, and so we can 
now identify κ (or a similarity transform of it) with the C op-
erator of P T theory [19]. Our work thus puts the P T symmetry 
studies of theories with non-Hermitian Hamiltonians on a quite 
secure quantum-ﬁeld-theoretic foundation.
6. Applications
Once one extends the C P T theorem to non-Hermitian Hamil-
tonians, the most interesting applications of our ideas are to situ-
ations that can never be encompassed by Hermitian Hamiltonians. 
The currently most explored such area is in applications of P T
symmetry in the complex conjugate energy pair situation, where 
there are both growing and decaying modes. In the P T literature 
such modes are referred to as gain and loss, with many experimen-
tal examples having been identiﬁed [20,21]. Moreover, typically in 
these cases, as one adjusts parameters one can transition to the 
region where all eigenvalues are real. At the point of the tran-
sition, known as an exceptional point in the P T literature, the 
Hamiltonian becomes of a non-diagonalizable, and thus manifestly 
non-Hermitian, Jordan-block form, and experimental effects due to 
exceptional points have also been discussed in the literature.
For relativistic quantum theory our results can be applied to 
particle decays such as those encountered in the K meson sys-
tem. Speciﬁcally, the time-independent transition matrix elements 
that we obtain precisely provide for probability conserving transi-
tions between decaying states and the growing states into which 
they decay, with the C P T theorem that we have derived here 
then requiring that the transition rates for the decays of parti-
cles and their antiparticles be equal. To be more speciﬁc, we note 
that as well as provide an explicitly solvable model that is non-
Hermitian but C P T invariant, the two-oscillator Pais–Uhlenbeck 
model can also serve as a prototype for discussing decays. In the 
region where ω1 = α + iβ , ω2 = α − iβ , the Hamiltonian is given 
by the C P T -symmetric HPU = p2x/2γ + pzx + γ
(
α2 − β2) x2 −
γ (α2 + β2)2z2/2. Not only does this model contain both decaying 
(ω2 = α− iβ) and growing modes (ω1 = α+ iβ), as per (1) and (2)
it leads to time-independent transitions between them, and thus 
describes the decay of one mode into the other. If we now make 
the momentum and position operators be complex, which we can 
do in a charge conjugation invariant manner, the ﬁeld-theoretic 
generalization of the model will then contain both particles and 
antiparticles, with the C P T invariance of the Hamiltonian then re-
quiring that the decay rates for particles and their antiparticles be 
equal.
Another case that cannot be described by a Hermitian Hamilto-
nian is encountered in the currently viable fourth-order derivative 
conformal gravity theory, a conformal invariant, general coordi-
nate invariant theory of gravity that has been advanced as can-
didate alternate theory of gravity [22]. The conformal gravity ac-
tion is given by IW = −αg
∫
d4x(−g)1/2CλμνκCλμνκ where Cλμνκ
is the Weyl conformal tensor, and its Hamiltonian is a relativistic 
generalization of the equal-frequency Pais–Uhlenbeck Hamiltonian 
[23]. Consequently, the conformal gravity Hamiltonian is of a non-
Hermitian, non-diagonalizable, Jordan-block form [3,23], to thus 
serve as an explicit ﬁeld-theoretic example of a Hamiltonian that 
is not Hermitian but is C P T symmetric.
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